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Abstract 

There are two different methods to describe membrane (string) fluids, which use 
different field content. The relation between the methods is clarified by construction 
of combined method. 

■ Dirac membrane field appears naturally in new approach. It provides a pos- 

. sibility to consider new aspects of electrodynamics-type theories with electric and 
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magnetic sources. The membrane fluid models automatically prohibit simulatenos 
existence of electric and magnetic currents. 

Possible applications to the dark energy problem are mentioned. 

1 Introduction 



C^. Recently various models of membrane (string) fluids are considered. These models 

^ I describe continuous distributions of non-intersecting membranes (strings). Each 

space-time point belongs to world surface of one membrane, i. e. foliation of space- 
time is specified (to describe membrane fluid one has to specify foliation and density 
^ I of membrane matter) . 

■ String fluid models are applicable in various realms of physics and cosmology. 

E. g. one can apply zero-brane fluid to describe dark energy (on dark energy see 
e. g. ^ and references wherein). Other applications are related to string theory and 
relativistic elasticity theory. 

There are two different approaches to string fluids, which have different fleld 
contents. These approaches are not equivalent. 

Both methods describes fluid of (n — 1) -dimensional membranes (with n- 
dimensional world surfaces V^) in D-dimensional space-time M by means of {D—n)- 
form J (membrane field intensity), which is Hodge dual of n-form current density 
j = *-^J. 

To specify foliation one need form J up to non-zero scalar factor. 
The action, written in terms of J has the similar form for both methods 

S = J *Lo(||J||), (1) 

M 
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where 

\\J\\ = \/(iy^^M....M„_.J«^, (2) 

||J|| represents density of membrane media in space-time M. Lagrangian Lq is 
minus energy density in attendant frame. (We use ( — ,+,+,...,+) signature of 
space-time metric.) 

Equation of state is described by relation 

^fluid = -^0 - -^0 (3) 

Here Pfluid is pressure in directions orthogonal to membrane world surface. 
Energy-momentum tensor has the following form 

Tmn = Lq Pmn + -Pfluid Pmn- (4) 

Pmn is projector to world surface V^p (surface = const), Pmn = 9mn — Pmn is 
projector to directions orthogonal to world surface. 

Due to conservation of membrane current J is closed 

Sj = 0, ^ dJ = 0. (5) 

Form J has to satisfy the following condition (orthogonality to membrane world 
surface V^) 

JmiM2...Mo-„ =0, y Ae TV^. (6) 

Two methods differ by parametrization of J in terms of dynamical field. 
The form J is closed, so the most obvious way is to consider membrane field in 
terms of (n — l)-form potential / (similar to non-linear electrodynamics) 

J/ = di. (7) 

In this approach the action has the following form 

Sj[I] = f *Lo{\\Ji\\), (8) 



M 

This method was introduced independently by several authors, see e. g. [2113111] and 
references wherein. Conservation condition ^ is satisfied automatically. To satisfy 
condition (jEJ one has to restrict himself by certain class of solutions (it can be done 
by introduction of additional term to action, which impose appropriate constraint). 
These solutions are generalizations of potential flow in Standard hydrodynamics. 

Potential I could be considered as membrane field intensity for Dirac membrane 
(string) fluid (see sectionlHI). 

Another way was initially suggested (in the particular case of constant volume 
form Jlp) to describe single membranes jSl-|E| (papers UDE) suggest dual inter- 
pretation, which correspond to use of * J form instead of J). It was later geometrized 
and generalized to membrane fluids and other continuous media in jl.Sj-jlSj. Using 
this method one has to consider auxiliary (D — n)-dimensional space F (points (p &F 
numerate membranes V^) with volume form, which represents density of membrane 
media in auxiliary space F, 

nF = /((/>) #1 A ... A dcf)^-"", (9) 
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where a = 1, . . . , D — n are coordinates at F, and mapping 

V9:M^F, (10) 

Membrane field intensity is defined by the following relation 

= v3*J1f = /(v?) V A ... A (11) 
In this approach the action has the following form 

SM = I *m\JA)- (12) 



M 

Conservation condition ^ is satisfied automatically. Moreover, condition © is 
also satisfied automatically. Every solution of model ©, which satisfies condition 
©, is also solution (potential flow) of model dJ. Field equations of model (jSl) 
are field equations of model (|12|1 with extra condition of flow potentiality. These 
potential flows admit also dual description with J replaced by *K = = Lgjj^. 

The theory written in terms of fields has no linear dependence in equations of 
motion. So, the theory admits straightforward Hamiltonian formulation and formal 
quantization Jl]. The other approach to quantize the theory is based upon the 
Nambu brackets (see ^Hl and references wherein). 

Here we present a method, which involves both ip and I. It allows to reveal new 
symmetries in electrodynamics-type theories and membrane fluid models. 

2 Free membrane fluids 

To involve constraint 

Ji = J^ ^ di = lp*VIy (13) 
one can introduce the following action 

S^i[^J,K] = j |*Lo (^^{Ji, J^)) + \{J^ - Ji) A *k| . (14) 

M 

Here 

{JU J^) = -^^^{Jl)M,...Mo-r. {J^f''-''^-. (15) 

Field equations are 

Ji = (16) 

(so, we use notation J = Ji = J^p), 

5 (^K - L',^^ = O, (17) 
{J^^),5K) = 0, (18) 

here 5 = *~^d*, 

J(„) = (-1)"+^ f{ip) dp' A...d^»...A dp""-^. 



3 



The term d^p" has to be skipped. 

If one exclude fields / and K from field equation, then the equations appear to 
be equivalent to field equations for action dJ. So, actions (fT^ and (|14() describe 
the same system in different ways. 

According to field K could be considered as analogue of momentum in 
mechanics (in this case J is analogue of velocity). 

K and / admits gauge-like transformations 

K K + 6X, 

I I + dn. (19) 



3 Interactions of membrane fluids 



To introduce interaction to action (|14() one could add to action extra terms. To 
preserve the symmetries of the theory the terms have to be written in terms of 
fields Jip and / only. 
For arbitrary action 

S[^] = I L(J^), (20) 



M 



which involves fields 93" through only, the equaction of motion, produced by 
variation by (/9", is of the following form 



dL 



0. 



(21) 



If the function L{J^) is written in the form L{J^p) = Ll{\\J^p\\, J^p), then field 
equation acquire the form 



dLi X 



T = 5 



d\\J^\ 
dLi 



J. 



O, 



(22) 



(23) 



(If action is written in terms of J,^, / and K, the equations of motion have the 
similar form.) 

The field the equations of motion involve, satisfies the condition 



5r = o. 



(24) 



In section0]field J- = ±*F, so 5 J- =0 ^ dF = 0. I. e. "electric" membrane 
fluid interacts with the field, which admits no "magnetic" currents. 

In section El field = ±F, so (5JF = 44> 5F = 0. I. e. "magnetic" membrane 
fiuid interacts with the field, which admits no "electric" currents. 
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4 Membrane fluid as electric-type source 

One can easily introduce interaction of membrane fluid with closed form F to action 
()14() by inserting Standard interaction term 

S'ei.b,I,K,A] = j |*Lo(V^(J7, J^)) + \{J^- Jl) A*K-^FA*F + {-ir+^A A J/| , 
M 

(25) 

where F = dA is closed (n + l)-form. So, dF = 0. Interaction term could be written 
in other equivalent form 

(-1)"+^ J AAJj = (-1)"+! J A Adi = J [-d{A Al)+dAAl] = 

M MM 

= - J AAI + J dAAl. 

dM M 

Up to surface term 

S,i,[ip,I,K,A] = J !^*Lo{^{Ji, J^)) +'^{J^-Ji)A*K-^-FA*F + FAlY 

M 

(26) 

Field equations are 

Ji = (27) 

(we use notation J = Jj = J^), 

5F = *-^J, (28) 
6 [k - L'^^^ + 2sgn(5)(-l)^-"-i * F = O, (29) 

J(a),5{L'^^^+sgn{g)(-lf-^*F^=Q. (30) 

K and I still admits gauge-like transformations (|19() . 

One could derive from field equation (|29j) . which is produced by variation of 
action by /, the condition 

dF = 0. 

Consequently the action (|25|) . (|26|) does not allow any metliod of introduction of 
magnetic charges, which does not involve field /. 



5 Membrane fluid as magnetic-type source 

To introduce interaction of magnetic type with fleld of form F one can use method 
similar to Dirac strings. This method is partially similar to dual variable electrody- 
namics (see |2U1 121| and references wherein) . 
The appropriate action has the form 

S^,^^.[ip,I,K,A]= j |*Lo(\/(J/, J^)) + Ji) /\*K-^FA *f| , (31) 

M 
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where (D — n — l)-form F is defined by 

F = dA + I. (32) 
Here field / represents Dirac string (membrane) distribution. 

dF = Ji. (33) 

Field equations are 

Ji = (34) 

(we use notation J = Jf = J^), 



Mi^-L'o-^)+2(-l)^-"F = 0, (36) 



6F = O, (35) 
J_ 

PT, 

(l;,^) + (-1)^-"-1f) = 0. (37) 

K still admits gauge-like transformations H19() . Gauge-like transformation of / now 
involves potential A 

I I + dfi, 

A A- II. (38) 

This transformation {generalised gradient transformation) generalizes Standard 
gauge transformation for field A. It corresponds to deformation of Dirac strings 
(membranes) with fixed boundaries. 

By transformation (|38|) one can set ^4 = O (i. e. F = I). Moreover, one can set 
A = O before variation of action. 

S^^g.[ip,I,K]= J |*Lo(7(J/, J^)) + liJ^- Ji) a *K - ^/ a */| , (39) 

M 

It is possible because field equation (|35j) . which is produced by variation of action 
by A, could be derived from field equation which is produced by variation of 
action by /. 

Consequently the action (|5T|) . does not allow any method of introduction 
of electric charges, which does not involve field /. 



6 Dirac strings (membranes) 

This section just formulate Standard Dirac string approach to introducing of mag- 
netic charges to electrodynamics-type theories in the context of the paper. Theories 
considered below have quadratic Lagrangians, but the approach is also applicable 
to non-linear theories e. g. to Born-Infeld model. 

We wrote the word "string" with quotation marks to emphasize that it is actually 
g-dimensional membrane. 
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The Standard electrodynamics-type action has the fonowing form 



S[A{x)] = - J I^^FA*F + AA*jeY (40) 

M 

where 

F = dA (41) 

is {q + l)-form field intensity, M is Z'-dimensional space-time region, A is g'-form 
potential, je is g-form "electric" current density. 

External derivative of equation (|1T|) produce "first pair" of MaKweh-type equa- 
tions 

dF = 0. (42) 
Variation of action 1)401) by A produce "second pair" of Maxwell-type equations 

6F = {-lyje. (43) 

Current je is conserved 

6je = 4^ d*je = 0, (44) 
so action ()4()|) is invariant under gradient transformations 

A — >A + df, (45) 

where / is arbitrary {q — l)-form. 

To introduce "magnetic" currents one introduces Dirac "strings" I (open mem- 
branes with (g + l)-dimensional world surfaces I, ^-dimensional boundaries of mem- 
branes di are world surfaces of magnetic sources) and consider action H40|) with 
integration in region M\I with cut-off I instead of original region M. At world 
surface I one has continuity condition for field intensity F 

3 lim F{x). (46) 

Dirac strings are similar to infinitely thin tube, which transfer magnetic flux 
from monopole to infinity or to other monopole of opposite sign. It allows to replace 
cut-off I and condition (|46)) by redefinition of field F 

F = dA + I, (47) 

where / compensates magnetic flux inside tube. 
New "first pair" of Maxwell-type equations is 

dF = dI ^ 6*-^ F = *-^dI = jm- (48) 

Here magnetic current 

jm = *-^dI (49) 
is defined. By definition (compare with l|53|) ) 

Sjm = *'^d^I = 0. (50) 



7 



One can use the old form of action (|4U() with new definition of F H47() and 
reproduce the same "second pair" of Maxwell-type equations (jlH]) by variation of 
potential A. 

If world surface I is defined by the following system 

= O, a = l,...,g + l, 
h\{x) > O, (51) 

and describes "magnetic" charge Qm (numeration of functions b" has to be in agree- 
ment with surface orientation) , then 

/ = Q„0(5°(x)) d9{b\x)) A ... A d9{b''^\x)), (52) 

where 9 is Heaviside theta-function. 

Dirac "string" describes singular (hke point particles) magnetic currents with 
world lines (surfaces) di. Magnetic currents are conserved due to the following 
property of d operation 

9^1 = ^ (fl = 0. (53) 

Dirac "string" has to go through points with zero j'g (to avoid interaction of magnetic 
flux inside tube with electric currents). To guarantee the possibility to find such 
surface one could require electric currents to be singular (like point particles) too. 

Dirac "string" world surface is uniquely defined by {q + l)-form /, so actually 
we do not need Dirac "string" itself, but form I (Dirac "string" density) only. This 
point of view is more flexible, one has no longer obligation to restrict himself by 
fields / of form ((221) • It reveal more general symmetry like (|38j) . 

Form J/ = di is membrane field intensity. It satisfies conditions © and ©. 

Form I is not unique. It is defined up to gradient transformation (|H8j) . By 
appropriate choice of gauge form I could satisfy condition ® (with replaced 
by world surface I of Dirac membrane), but not @. So form / is similar to non- 
conserved membrane field intensity. It describes Dirac membrane fluid. It is natural 
to replace condition ® , for field /, which holds only in special gauge by more subtle 
condition 

dlM^M2...Mn-r. =0, y Ae TY^. (54) 



7 Conclusion 
7.1 Models variety 

The approach proposed here is applicable not only to introduce interaction between 
membrane fluid and electrodynamics-type field. Instead of membrane fluid one can 
use membrane elastic media (see [13), which also involve membrane density form 
J^. E. g. one could construct different classical models of elastic electrons. 

The form of action of electrodynamics-type field is not fixed too. The method 
is also applicable for nonlinear models like Born-Infeld-type models, etc. 

Even membrane fluid models are able to reproduce wide range of state equations. 
State equation p(p) is related with Lagrangian Lo(|| J||) = — /odl-Zll) by the following 
relation: 

ln||J||=/^^. (55) 
J P + Pip) 
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E. g. state equation 

p = wp (56) 

is reproduced by action 

s.4ip] = - J ^pj^^"", or s^[v9,i,K] =y'|*(j,,j^)H^ + ^(j^- J,) a*k|. 

M M 

(57) 

p = —Lq = \\Jip\\^^'^, see equations ©, ©• 

Zero-brane fluid with negative pressure —1.5 < w < —0.5 could be useful to 
describe dark energy p. 



7.2 No-classical monopole hypothesis 

The approach described has an unexpected heuristic issue. One can conclude that 
simultaneous existence of electric and magnetic currents is not possible. The electric- 
type sources considered in section ^ automatically suggests non-existence of mag- 
netic type source (as consequence of field equations). Similarly, the magnetic- type 
sources considered in section [SI automatically suggests non-existence of electric type 
source (as consequence of field equations). 

This difficulties have simple physical interpretation. The Dirac string approach 
require the possibility to draw Dirac string through the regions with no electric 
charges. If charges are point-like, then one able to draw Dirac strings in any situa- 
tion. This requirement is crucial, because Dirac strings are similar to magnetic flux 
tubes. If a point electric charge intersect Dirac string it has to suffer infinitely large 
impact of Lorentzian force. Fortunately in classical theory with point particles the 
probability of this process is zero. 

Nevertheless the classical theory with point particle is not self-consistent. If 
one replace point electric charges by continuous distributions, then there are con- 
figurations of charges, which make impossible to draw Dirac strings. Similarly, if 
magnetic charges are delocalized, then instead of single Dirac strings one has Dirac 
string distribution, which occupies finite volume. 

In quantum theory one could expect delocalization of classical singular charges 
due to uncertainty principle. So, infinite impact with infinitesimal probability could 
produce the finite effect of interaction of electrical charges with Dirac strings. 

The arguments above suggests the hypothesis, that there is no self-consistent 
classical theory with action, which involves both electric charges and magnetic 
monopoles. 
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